In this paper, we study ruled surfaces and quadrics in the 3-dimensional Euclidean space which are of finite III-type, that is, they are of finite type, in the sense of B.-Y. Chen, with respect to the third fundamental form. We show that helicoids and spheres are the only ruled and quadric surfaces of finite III-type, respectively.
Introduction
To set the stage for our work we present briefly some elements of the theory of surfaces of finite type in the Euclidean space E 3 . The notations and definitions of [2] are followed.
In the three-dimensional Euclidean space E 3 let S be a C r -surface, r ≥ 3, defined on a region U of R 2 , by an injective C r -immersion x = x(u 1 , u 2 ), whose Gaussian curvature K never vanishes. We denote by I = g ij du i du j , II = h ij du i du j , III = e ij du i du j , i, j = 1, 2, the first, second and third fundamental forms of S and by g ij , h ij and e ij the inverses of the tensors g ij , h ij and e ij .
The notion of Euclidean immersions of finite type was introduced in 1983 by B.-Y. Chen, see [1] . In terms of B.-Y. Chen theory a surface S is said to be of finite type if its coordinate functions are a finite sum of eigenfunctions of its second Beltrami operator △ I with respect to the first fundamental form I.
In the thematic circle of the surfaces of finite type in the Euclidean space E 3 S. Stamatakis and H. Al-Zoubi in [5] introduced the notion of surfaces of finite type with respect to the second or the third fundamental form of S in the following way: A surface S is said to be of finite type with respect to the fundamental form J, or briefly of finite J-type, where J = II, III, if the position vector x of S can be written as a finite sum of nonconstant eigenvectors of the second Beltrami operator △ J with respect to the fundamental form J, that is if
where x 0 is a constant vector and λ 1 , λ 2 , . . . , λ k are eigenvalues of the operator △ J . In particular if all eigenvalues λ 1 , λ 2 , . . . , λ k are mutually distinct, then S is said to be of finite J-type k. When λ i = 0 for some i = 1, . . . , k, then S is said to be of finite null J-type k. Otherwise S is said to be of infinite type.
In the sequel we focus on surfaces which are of finite III-type. Up to now, the only known surfaces of finite III-type are (a) the spheres, which actually are of finite III-type 1, (b) the minimal surfaces, which are of finite null III-type 1, and (c) the parallel surfaces to the minimal surfaces, which in fact are of finite null III-type 2, see [5] .
So the following question seems to be interesting:
Problem: Other than the surfaces mentioned above, which surfaces in E 3 are of finite III-type?
In this paper we contribute to the solution of this problem by investigating the ruled surfaces and the quadric surfaces in E 3 . Our main results are the following Theorem. The only ruled surfaces of finite III-type in the three-dimensional Euclidean space are the helicoids.
Theorem. The only quadric surfaces of finite III-type in the three-dimensional Euclidean space are the spheres.
Proof of Theorem 1
In the three-dimensional Euclidean space E 3 let S be a ruled C r -surface, r ≥ 3, of nonvanishing Gaussian curvature defined by an injective C r -immersion x = x(s, t) on a region U :
The surface S can be expressed in terms of a directrix curve Γ : σ = σ(s) and a unit vector field ρ(s) pointing along the rulings as follows
Moreover, we can take the parameter s to be the arc length along the spherical curve ρ(s). Then we have
where the differentiation with respect to s is denoted by a prime and , denotes the standard scalar product in E 3 . It is easily verified that the first and the second fundamental forms of S are given by
If, for simplicity, we put
For the Gauss curvature K of S we find
The second Beltrami differential operator with respect to the third fundamental form is defined by
where f is a sufficient differentiable function on S and e := det(e ij ). After a long computation it can be expressed as follows:
where n t = ∂n ∂t , n s = ∂n ∂s , m t = ∂m ∂t , m s = ∂m ∂s and P 1 , . . . , P 5 are polynomials in t with functions in s as coefficients and deg(P i ) ≤ 6. More precisely we have
Applying (2.2) on the position vector (2.1) of the ruled surface S we find
We write this last expression of △ III x as a vector Q 1 (t) whose components are polynomials in t with functions in s as coefficients as follows:
Notice that deg(Q 1 ) ≤ 5. Furthermore deg(Q 1 ) = 5 if and only if µ = 0, otherwise deg(Q 1 ) ≤ 3.
Before we start the proof of the first theorem we give the following Lemma which can be proved by a straightforward computation.
Lemma 2.1. Let g be a polynomial in t with functions in s as coefficients and
We suppose that S is of finite III-type k. It is well known that there exist real numbers c 1 , . . . , c k such that
3)
see [1] . By applying Lemma 2.1, we conclude that there is an E 3 -vector-valued function Q k in the variable t with some functions in s as coefficients, such that
where deg(Q k ) ≤ 4k + 1. Now, if k goes up by one, the degree of each component of Q k goes up at most by 4. Hence the sum (2.3) can never be zero, unless of course
On account of the well known relation
where H, n and ∇ III denote the mean curvature, the unit normal vector field and the first Beltrami-operator with respect to III, see [5] , from (2.4) we result that S is minimal, and that S is a helicoid.
Let now S be a quadric in E 3 . Then S is either a ruled surface or one of the following two kinds, see [3] ,
If S is a ruled surface of finite III-type, then, according to theorem 1, S is a helicoid.
In this section we will first show that a quadric of the kind (3.1) is of finite III-type if and only if a = −1 and b = −1, that is, if and only if S is a sphere. Next we will show that a quadric of the kind (3.2) is of infinite type.
Quadrics of the first kind
A part of a quadric of this kind can be parametrized by
We put for simplicity
The third fundamental form of S becomes
where
Then the second Beltrami operator △ III of S can be expressed as follows:
We note that
Hence (3.4) becomes
Here again the functions f i , i = 1, . . . , 5, are polynomials in u and v with deg(f i ) ≤ 6.
We consider a function g(u) ∈ C ∞ (U). By means of (3.5), we find
If we put v = 0, then the functions f 2 and f 4 are polynomials in u of degree less than or equal 4. Now we prove the following Lemma 3.1. The relation
holds true, where deg(P 4k (u, 0)) ≤ 4k.
Proof. The proof goes by induction on k. For k = 1 the formula follows immediately from (3.6) applied to g = u. Suppose the Lemma is true for k − 1. Then
Taking into account (3.6) we obtain
from (3.7) we find that deg(P 4k (u, 0)) ≤ 4k.
By applying now (3.5) on a function h(v) ∈ C ∞ (U) we find
If we put u = 0, then the functions f 3 and f 5 are polynomials in v of degree less than or equal 4. Proceeding analogously as in Lemma 3.1, we prove the following Lemma 3.2. The relation
holds true, where deg(Q 4k (0, v)) ≤ 4k.
We suppose now that S is of finite III-type k. Then there exist real numbers c 1 , . . . , c k such that
Applying (3.8) on the coordinate functions x 1 = u and x 2 = v of the position vector (3.3) of the quadric S we obtain
From Lemma 3.1 and the relation (3.9) we obtain that there exists a polynomial P 4k+4 (u, v) of degree at most 4k + 4 such that
If we put v = 0 in (3.11), then we get a nontrivial polynomial in u with constant coefficients. Since a = 0 the relation (3.11) implies a = −1.
Similarly, from Lemma 3.2 and the relation (3.10) we obtain that there exists a polynomial Q 4k+4 (u, v) of degree at most 4k + 4 such that
Putting u = 0 in (3.12), we get again a nontrivial polynomial in v with constant coefficients. Since b = 0, we obtain from (3.12) b = −1. Hence S must be a sphere.
Quadrics of the second kind
A quadric surface of this kind can be parametrized by
Then the third fundamental form of S is the following
is the discriminant of the first fundamental form
Hence the Beltrami operator △ III of S takes the following form
Lemma 3.3. The relation
holds true, where deg(P 2k (u, 0)) ≤ 2k.
By applying (3.14) on a function h(v) ∈ C ∞ (U) we get We put v = 0 in (3.17). Then the left member of the equation (3.17) is a nontrivial polynomial in u with constant coefficients. This polynomial can never be zero, unless a = 0. Similarly, if we put u = 0 in (3.18), then the left member of (3.18) is a nontrivial polynomial in v with constant coefficients. This implies b = 0. This is clearly impossible since a, b > 0.
